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ABSTRACT. In this paper, we prove common fixed point theorems for a pair of mappings 
with rational contractions having control functions as a coefficients in complex valued b- 


metric spaces. Our results generalize and extend some known results in the literature. 


1. Introduction 


The concept of complex valued b-metric space was introduced by Rao et. al.[11], which was 
more general than the complex valued metric spaces|1]. They proved some fixed point results 
for mappings satisfying a rational inequality in complex valued b-metric spaces. Since then, 
several paper have dealt with fixed point theorems in complex valued b-metric spaces (see 
[2-10],[12] and references therein). 


The aim of this paper is to consider and establish results on the setting of complex valued b- 
metric spaces, regarding common fixed points of two mappings, using a rational contractions 


invovling control functions. 
2. Preliminaries 

We recall some notations and definitions that will be needed in the sequel. 
Let C be the set of complex numbers and 21, z; € C.Define a partial order X on C as follows: 

21 1 22: if and only if Re(z,) € Re(z5), Im(z1) € Im(z2). 
Consequently, one can infer that z1 X z3 if one of the following conditions is satisfied : 

(i)  Re(z)- Re(z2), Im(z1) < Im(z);: 

(ii) Re(z1) < Re(z2), Im(z1) = Im(za);: 
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(iii) Re(z)« Re(z;),Im(z1) < Im(z2);: 

(iv) Re(zi) = Re(z2), Im(z1) = Im(za).: 
In particular, we write z; 5 2 if z1 A z2 and one of (i), (ii) and (iii) is satisfied and we write 
Zi < 22 if only (iii) is satisfied. Notice that 

(a): if 0 X 21 X 22, then |zi| < [z9|; 

(b): if z; X z2 and z2 < z3 then z1 < 23; 

(c): if a,b € R and a € b then az Z bz for all z € Cy. 

The: following definition is recently introduced by Rao et al. [11]. 














Definition 2.1. [11] Let X be a nonempty set and let s > 1 be a given real number. A 
function d : X x X — C is called a complex valued b-metric on X if for all x,y,z € X the 
following conditions are satisfied: 

(i): 0 X d(x,y) and d(z, y) = 0 if and only if x = y. 

(ii): d(x, y) = d(y, x). 

(iii): d(x, y) X sld(z, z) + d(z, y)]. 

The: pair (X, d) is called a complex valued b-metric space. 
Example 2.2.[11] If X = [0,1], define a mapping d : X x X — C by d(z,y) = |x — y? + 
ilz — y|?, for all x,y € X. Then (X, d) is complex valued b-metric space with s = 2. 
Definition 2.3.[11] Let (X,d) be a complex valued b-metric space. 
(i) A point x € X is called interior point of a set A C X whenever there exists 0 < r € C 
such that B(x,r) = (y € X :d(z,y) <r} € A. 
(ii) A point x € X is called a limit point of a set A whenever for every 0 < r € C, B(x,r) N 
(A — (xj) 7 9. 
(iii) A subset A C X is called an open set whenever each element of A is an interior point 
of A. 
(iv) A subset A C X is called closed set whenever each limit point of A belongs to A. 


(v) The family F = (B(z,r) : x € X and0 < r} is a sub-basis for a Hausdorff topology 7 on 
X. 

Definition 2.4.[11] Let (X,d) be a complex valued b-metric space and let {z,} be a 
sequence in X and x € X. 

(i) If for every c € C, with 0 < c there is N € N such that for all n > N, d(x, £) < c, 
then {zn} is said to be convergent and converges to x. We denote this by lim, ,s4, = x or 
{zn} rasn — oo. 

(ii) If for every c € C, with 0 < c there is N € N such that for all n > N, d(£n, nim) < c, 
where m € N, then (x; }is said to be a Cauchy sequence. 

(iii) If every Cauchy sequence in X is convergent in X, then (X, d) is said to be a complete 
complex valued b-metric space. 
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Lemma 2.5.[11] Let (X,d) be a complex valued b-metric space and let {x,,}be a sequence 
in X. Then {z,}converges to x if and only if |d(z,, x)| 0 as n — oo. 
Lemma 2.6.[11] Let (X, d) be a complex valued b-metric space and let (x, )be a sequence 
in X. Then {zn} is Cauchy sequence if and only if |d(an,2n4m)| 4 0 as n — oo, where 
m € N. 

3. Main Result 


Theorem 3.1. Let (X,d) be a complete complex valued b-metric space with the coefficient 
s > l and let S, T : X — X be mappings. If there exist mappings a, 8,y,0 : X — [0,1) 
such that for all x,y € X : 

(i) « (Sx) € a(x), B(5z) € B(x), y(Sx) € y(x) a 
(ii) (Tx) € a(x), (Tx) € B(x), y(T oe Y 
(iii)ox (x) + B(x) + 2y(x) € 2sô(x) < 
(iv)d(Sx,Ty) X o(x)d(z, y) 4 Beide S2; 

y(x)[d(z, Sx) + d(y, Ty)]: 

+6(x)[d(x, Ty) + d(y, Sx)]. (3.1): 

Then S and T have a unique common fixed point. 

Proof. For any arbitrary point xto € X. Since S(X) C X and T(X) C X, we can define 

sequence {xn} in X such that 


nd (Sa) < 6(x); 
Jandó(Tx) € ô(x);: 








L2n+1 = Dos T2no-2 = T Ponds for n 2 0. (3.2) 
Now, we show that the seuqence {2,,} is Cauchy. Let x = ro, andy = 2441 in (3.1), we get 


d(S Lon, T5511) = d(Lon+1; 22542): 
z2n)d(rxon 1, T Lan d((x2n,Sr2n). 
S Oxon )d(xos, Lon41) 4 Beant iG e 
oy (224) [d(z2u, S224) + d(z24411, T22541)]: 
+6(Xan)[d(Lan, Tus) F d(Xon41, $234]: 
©2n)d(®2n41,©2n+2)d((Lan,Lan s 
= O(n) (on; Cony) + EEE citas (rana 
oy (524) [H(t24, 2541) + d(on.1, $2042)]: 
J-ó (224) [d(zon, Lon+2) + d(zos 1; Hon): 














which implies that 


|d(%on41, Fon+2)| < A(Ton)|d(Ton, X2n41)]: 
b(n )ld(£2n+1;£2n+2)l|ld((£2n, t2n+i)l, 
|1+d((t2n,t2n41)| 


y (125) |d(zos, 32541) + @(Lan41, 12n42)|: 
-Fsó(224) |d(zon, Xon41) + d(on41, X2n42)].-: 


Since |1 + d(zos, x2541)| > |d(@on, t2n+1)|, 








|d(xo5-1, 32n42)| S o(t24) dos; Lon41) |? 

+B (xn) |d(zon-1, Lan+2)|? 
oy (xon)|d(z2n, an41) + d(22n43, X2n42)|: 
-Fsó (Lon) |d(xon; Tanti) + d(an41, X2n42)]: 
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and so 


= a(T'os 1)|d(xon; xon41)| + B(T 24-1) |d(o.e1; Tanta) |? 
-FY (20s 1) | d(25. 095.1) + d(22n 41; 22542): 
T S0 (T2251) |d(x2n, X2n.1) + d(Lan41; X2n42)]: 
|d(z2n41, Lant2)| < o (125—31)|d (2n; Conti) ]: 
t B(os 1)|d (2.3, Lan42) |: 
^y (2251) |d(2n; 2541) + d(ton43, X2n42)]: 
+85 (224 1) |d(Z2u, X2n41) + d(zon1, £2n43)|: 
= a(S25-2)|d(125, 32541) + B(Ston-2)|d(22n41; Lanta) |: 
-FY (S252) d(225; an41) + d(zond1, 92n42)]: 
T s0(S542)|d(125, Fanti) + d(zon1, T2n+2)|: 
< (225-2) | d(t25; Lan41)| + B(x25-2)|d(x2n1; $2042)]: 
-F'y (25-2) |d (425, 2095.1) + A( angi; 22542): 
+86 (225.2) |d(125; 25.1) + A(an41; 22n42)]: 








< a(xo)|d(zos, Lon41)| + B(xo)|d(zon41, X2n42)[: 


cy (xo) |d(z24, $24.11) + d(Lon41, t2n+2)|: 
4-só(xo) |d(zon, 2541) + d(@en41, X2n43)]|: 





which yields that 


x(x x só(x 
|d(22s.41, 2042)] € CELP eee don, Bont) |- (3.3) 


Similarly, one can obtain 


x(x x só(x 
|d(@2n42)F2n43)| S 1— OEC eo Irons 0222): (3.4) 


ex (zo)--»y(zo)--só(xo) 
1—B(xo)—Y(xo)— só(xo) 


Since « (29) + B(xo) + 2(xo) + 2s0(xo) < 1, thus we have 











= 





Let u = 





|d(£ən+1, X2n42)| < p|d(xon, 2541)| and 





[d(125n.2, Fon+3)| S pld(12n41, Fen+2)|, or in fact 

Idi, En+2)| S pld(zn, 11). (3.5) 

or |d(zs, x&41)| € pw" |d(xo, z1)]. (3.6) 

Thus for any m > n,m,n € N and since su < 1, we get 

|d(@n,Xm)| S s|d(n; n+1)| + 8|d(%n+1, Lm)| 
< s|d(z,, Tn41)| + $7|d(Cn41, En42)| Fs? | (nio; t); 

continuing in the manner, we get 

|d(tn,2m)| € s|d(zs, x443)| + 87|d(an41, En42)| + s?|d(z542,3443)| — — — + 
—cccc gem n dd(g 2; 381)] + 5777 |d(zm-i, 2). 


By using (3.6), we get 
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(ens am)| < sp"ldo, )] "(os 21) + — — — + sp! Cro, 21) 
= Y siut- tno, as) 
Therefore, = 
dlen, m)l € Y snos) 
i=1 


m-—1 
= M stu! |d(zo, a3)| 
t=n 








< Fendo r) = Qi) (8-7): 
t=n 
Therefore |d(£n, £m)| <E [d(zo, 21) — Üasm,n — oo. 


Thus (r,)]is a Cauchy sequence in X. By completeness of X, there exists a point u € X 
such that zx, — u as n — oo. 

Next we claim that Su — u. 

Assume not, then there exists z € X such that 

Id(u, Su)| = |z| > 0. (3.8) 

So by using the notion of a complex valued b-metric, we have 

z = d(u, Su) X sd(u, 12,12) + sd(z2,15, Su) 

= sd(u, 124423) + sd(Su, T2441) 


X sd(u, 12443) + s e (u)d(u, 12441) 


sB(u)d(zon. 1, T'22541)d(u, Su) 
1+d(u,ton+41) 


+sy(u)[d(u, Su) + d(zos41, T £2n+1)] 
+s6(u)|[d(u, Tx2441) + d(tan41, Su)] 


sd(u, 13442) + s X (u)d(u, 12441) 


8B(u)d(2n41,2n+2)d(u,Su) 
1+d(u,v2n+1) 


Tsy(u)|d(u, Su) + d(X2n41, £2n+2)] 
-Fsó(u)[d(u, 120.2) + d(®an41, Su)] 
which implies that 


Jel = |d(u, Su)| < sld(u, tan+2)| + $ œ (u)ld(u, o1) 


_ 8B(u)|d(von41,02n+42)||d(u,Su)| 
| [1-+d(u,w2n+1)| 


+8y(u)|d(u, Su) + d(rans1, 2242)] 

+s6(u)|d(u, Lanse) + d(Lan41, 9u)]. (3.9) 

Taking the limit of (3.9) as n — oo, we get that 

|z| = |d(u, Su)| < sy(u)|d(u, Su)|  só(u)|d(u, Su)| = spy(u) + ó(u)J|d(u, Su)| 
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< s[e (u) + B(u) + 25(u) + 20(u)]|d(u, Su)| 
< |d(u, Su)|,: 

a contradiction and so |d(u, Su)| = 0; that is u = Su. It follows similarly that u = Tu. This 
implies that u is a common fixed point of S and T. 
We now prove that this u is unique. 
d(u, u*) = d(Su, Tu*) 
Se (u)d(u, u*) + EOS L v(u)[a(u, Su) + d(u*, Tu*) 
+6(u)[d(u, Tu*) + d(u*, Su)] 
Xx (u)d(u, u*) + 20(u)d(u, u*). 
Therefore, we have 
|d(u, u*)| € [ex (u) + 26(u)]|d(u, u*)]. (3.10) 
Since x (u) + 20(u) < 1, we have |d(u, u*)| = 0. 








Thus u = u*, which proves the uniqueness of common fixed point in X. This concludes the 
theorem. 
Theorem 3.2. Let (X,d) be a complete complex valued b-metric space with the coefficient 
s > land let T : X — X bea mapping. If there exist mappings «, 8, y,ô : X — [0, 1) such 
that for all z, y € X : 
(i) « (Tz) € a(x), B(7v) € B(x), (Pv) € y() andd(Tr) € d(x); 
(ii) e (x) + B(x) + 2y(x) + 25ó(x) < 1; 
(ii) (T, Ty) Sox (x)d(r,y) + FOIE da) 
y (x) de, Tx) + d(y, T'v)]: 
+6(x)[d(x, Ty) + d(y, Tx]. (3.11): 


Then T' has a unique fixed point. 


Soe Ay 





Proof: Let ry € X and the sequence {xn} be defined by tn41 = Trp, where n = 
(05. e en m (3.12) 
Now: we show that {x,} is a Cauchy sequence. From condition (3.11), we have 


d(z,41, 2n42) = d(Ta, T Enga): 


5L 4-d(zs Ts )]d(zo i1 Trn 
mcs Dis Xue) Biss) ELE x +1). 


"booa [d(2,, TZ) RE OE wgas Tier): 


+6(%n)[d(tn, T2441) + d(zu 41, T24)]: 
z5)|1-d(zn,z541)ld(zn 41,254 

=x (z,)d(z,, z,44) + elt Eget +1@n+2) , 

tos) ders Ent) + dnce mna] 


Tó(z5)[d(tn; 3&2) + d(En41, 2441): 























which implies that 


|d(En41, En42)| Sox (ro) |dGrn, Tn41)| + B(®o) densi; 42): 
oy (ro) ld (rs, i) + d(an41, ma): 
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+86(x0)|d(@n, X541) + d(n41, $n42)]: 
which yields that 


x(x zo)+sô(x 
a E aTa): (3.13): 


Similarly, one can obtain 























x(x zo)+sô(x 
CE E eos Id (n1, 2-2)]. (3.14): 
Let u = «(zo)-Y(ro)*só(zo) 1, 


1—8(z0)—y(z0)—sð (x0) 
Since a(zo) + 8(x£o)+27(z0) + 250(zg) < 1, thus we have 


|d(£n, En+1)| < u"|d(xo, x1)|. (3.15): 
By the same line of action as in the previous Theorem 3.1, we have {z,} is a Cauchy 
sequencee in X. Since X is complete, there exists some u € X such that £n 4 u as n — oo. 
Next we show that u is a fixed point of T. 


From (3.11), we have d(u, T'u);$ sd(u, Tx,) + sd(Txp, Tu) 

XS sd(u, T4) -- s ex (£n)d(£n, u) 4 reed tee eee GEM) 
sy (4)|d(z,, TEn) + d(u, Tu)] 

-só(z4)|d(zs, Tu) + dlu, Tzn). 

This implies that 


|d(u, T'u)| € s|d(u, x«41)| + sa(xo)|d(x,, u)| 


| SB (o) |l d(on 2541) |d(uTu)| 
l [1+d4(£n,u)| 


+s (zo)ld(£n, 541) + dlu, Tu)| 
+sô(xo)|d(£n, Tu) + d(u, £n+1)| 
which on making n — oo reduces to 
|d(u, T'u)| € sB(xo)|d(u, T'u)| + sey (xo) |d(u, Tu)| + só(vo)|d(u, Tu)| 
= [s8 (£0) + s7(£0) + sò(x0)]|d(u, T'u)| 
< s[a(xo) + B(xo) + 2y(xo) + 26(xo)]|d(u, Tu)|, (3.16) 
a contradiction, and so |d(u, Tu)| = 0; that is, u = Tu. This implies that u is a fixed point 
of T. 


Uniqueness of fixed point is an easy consequence of condition (3.11). This completes the 




















proof. 


Corollary 3.3. Let (X,d) be a complete complex valued b-metric space with the coefficient 
s > land let T : X — X bea mapping. If there exist mappings œx, 8, y,ô : X — [0, 1) such 
that for all x,y € X and for some fixed n : 


(i) œx (772) € a(x), B(T"x) € B(x), y(T"x) € y(x) and 6(T"x) € 9(z); 


(ii)a(x) + B(x) + 25 (x) + 2s0(x) < 1 


see TL TL zl d(z,T"x d Tn i 
(iii)d(T"x, T^y) X o(x)d(z, y) + EOE ea (y, T^y). 


+7(x)[d(x, Tx) + d(y, 1"y)|: 
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+6(x)|[d(x,T"y) + d(y, T"x)]. (3.17): 


Then T' has a unique fixed point. 


Proof: By Theorem 3.2 there exists v € X such that T”v = v. Then 
d(Tv, v) = d(TT”v, Ie = d(T”Tv, Te 
xe (Tv)a(Tv, v) + BEDEUTET peus 
+y(Tv)ld(Tv, T"Tv) + d(v, T"v)]: 
--óé(Tw)|d(T'v, T^v) + d(v, T"Tv)]: 


Tv)[1--d(Tv,T" Tv)ld(v,v 
=o (Tv)d(Tv, v) + Eee Time) 


+y(Tv)[d(Tv, T"Tv) + d(v, v)]: 
+6(Tv)[d(Tv, v) + d(v, T"Tv)): 
xa (Tv)d(Tv, v) + 26(Tv)d(Tv, v): 
= (x +26)(Tv)d(Tv, v): 








and so d(T'v, v) = 0. So Tv = v. Therefore, the fixed point of T is unique. 
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